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a b s t r a c t
Let G be an n-vertex graph. If λ1, λ2, . . . , λn and µ1, µ2, . . . , µn are the ordinary
(adjacency) eigenvalues and the Laplacian eigenvalues of G, respectively, then the Estrada
index and the Laplacian Estrada index of G are defined as EE(G) =∑ni=1 eλi and LEE(G) =∑n
i=1 eµi , respectively. Some new lower bounds for EE and LEE are obtained and shown to
be the best possible.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Throughout this paper we consider simple graphs, that is finite and undirected graphs without loops andmultiple edges.
If G is a graph with vertex set {1, . . . , n}, the adjacency matrix of G is an n × nmatrix A = [aij], where aij = 1 if there is an
edge between the vertices i and j, and 0 otherwise. The Laplacian matrix of G is the matrix L = D− Awhere D is a diagonal
matrix with (d1, . . . , dn) on the main diagonal in which di is the degree of the vertex i. Since A and L are real symmetric
matrices, their eigenvalues λ1, λ2, . . . , λn and µ1, µ2, . . . , µn, respectively, are real numbers. These are referred to as the
(ordinary or adjacency) eigenvalues and the Laplacian eigenvalues of the underlying graph. In what follows we assume that
λ1 ≥ λ2 ≥ · · · ≥ λn and µ1 ≥ µ2 ≥ · · · ≥ µn. If the spectrum of G consists of distinct eigenvalues λ1, . . . , λs with
multiplicitiesm1, . . . ,ms, we denote it by {[λ1]m1 , . . . , [λs]ms}. The same is used for the Laplacian spectrum. The multisets
of eigenvalues of A and L are called the (ordinary or adjacency) spectrum and the Laplacian spectrum of G, respectively. For
details of the theory of graph spectra see [1]. For details of the theory of Laplacian graph spectra see [2].
We denote the complete graph on n vertices by Kn, the complete multipartite graph whose parts are of orders n1, . . . , nk
by Kn1,...,nk . The regular complete k-partite graph Kt,...,t will be denoted by Kk×t .
The energy of a graph G is defined as [3–5]
E = E(G) =
n∑
i=1
|λi|.
The Estrada index of G, recently put forward by Estrada [6], is defined as
EE = EE(G) =
n∑
i=1
eλi .
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Although invented in the year 2000 [6], the Estrada index has already found a remarkable variety of applications. Initially
it was used to quantify the degree of folding of long-chain molecules, especially proteins [6]. Another, fully unrelated,
application of EE was proposed by Estrada and Rodríguez-Velázquez [7]. They showed that EE provides a measure of the
centrality of complex (communication, social, metabolic, etc.) networks. Other applications of EE were also reported [8,9].
Quite recently, in full analogy with the Estrada index, the Laplacian Estrada index of a graph Gwas introduced in [10] as
LEE = LEE(G) =
n∑
i=1
eµi . (1)
Independently, and practically simultaneously, another group of authors [11] defined the Laplacian Estrada index as LEELSC =
LEELSC(G) = ∑ni=1 eµi−2m/n, assuming that the graph G possesses n vertices and m edges. Since LEE = LEELSC × e2m/n, the
two ‘‘Laplacian Estrada indices’’ are essentially equivalent. In what follows we use the definition (1), by means of which the
results obtained (at least in the present work) have a simpler form than those expressed in terms of LEELSC.
Various properties of LEE were established in [10,12] and, of course, in [11].
In this paper we find a lower bound for the Estrada index of a graph in terms of its energy. We also give a lower bound
for Laplacian Estrada index of a graph in terms of its number of vertices and edges. The two bounds are shown to be best
possible.
2. Lower bound for Estrada index
We begin with the following:
Lemma 1. Let G be a connected graph with adjacency spectrum {[r]1, [0]t , [s]k−1}, such that r > 0 > s, t ≥ 0, and k ≥ 3. Then
G is a regular complete multipartite graph.
Proof. As G has only one positive eigenvalue, by [1, Theorem 6.7], it is a complete multipartite graph Kn1,...,nk , say, where
n1+· · ·+nk = n. It is known that the characteristic polynomial of the adjacencymatrix ofKn1,...,nk is of the form (see [1] p. 74)
φ(λ) = λn−k
 k∏i=1(λ+ ni)−
k∑
i=1
ni
k∏
j=1
(λ+ nj)
λ+ ni
 .
If for some i 6= j, ni = nj, then from the above formula it is seen that φ(−ni) = 0. It follows that, if ni1 = ni2 6= ni3 = ni4 for
four different indices i1, i2, i3, i4, then −ni1 and −ni3 are eigenvalues of G. This is impossible since G has only one negative
eigenvalue. Therefore, we see that at least k − 1 of ni’s must be mutually equal. Suppose that, without loss of generality,
n1 = · · · = nk−1. This means that−n1 is a root of φ(λ) with multiplicity ≥ k − 2. If n1 = nk, then G is regular, and we are
done. So assume that nk 6= n1. The only remaining negative root of φ(λ) is the root of the auxiliary polynomial ψ(λ),
ψ(λ) := φ(λ)
(λ+ n1)k−2 = λ
n−k [(λ+ n1)(λ+ nk)− n1(k− 1)(λ+ nk)− nk(λ+ n1)] .
We see thatψ(−n1)ψ(−nk) < 0. This implies that G has an eigenvalue other than−n1 which is a contradiction. Therefore,
Gmust be regular. 
Theorem 1. Let p, η, and q be, respectively, the number of positive, zero, and negative adjacency eigenvalues of G. Then
EE(G) ≥ η + peE(G)/(2p) + qe−E(G)/(2q). (2)
Equality holds if and only if G is either
(i) a union of complete bipartite graphs Ka1,b1 ∪ · · · ∪ Kap,bp with (possibly) some isolated vertices, such that a1b1 = a2b2 =· · · = apbp, or
(ii) a union of copies of Kk×t , for some fixed positive integers k, t, with (possibly) some isolated vertices.
Proof. Let λ1, . . . , λp be the positive, and λn−q+1, . . . , λn be the negative eigenvalues of G. As the sum of eigenvalues of
a graph is zero, one has E(G) = 2∑pi=1 λi = −2∑ni=n−q+1 λi. By the arithmetic–geometric mean inequality, we have∑p
i=1 eλi ≥ pe(λ1+···+λp)/p = peE(G)/(2p). Similarly,
∑n
i=n−q+1 eλi ≥ qe−E(G)/(2q). For the zero eigenvalues, we also have∑n−q
i=p+1 eλi = η. Now, (2) is obtained by combining these inequalities.
Equality is attained in (2) if and only if λ1 = · · · = λp = r and λn−q+1 = · · · = λn = s, for some r, s. By the
Perron–Frobenius theorem (see [13, Theorem 8.8.1]), G has exactly p non-trivial components. Moreover, each non-trivial
component of G has exactly one positive eigenvalue, and thus they must be complete multipartite graphs.
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If p = q, then r = −s, and so each non-trivial component of G is a complete multipartite graph Ka,b, where r =
√
ab.
Therefore, Gmust be a graph of the form described in part (i) of Theorem 1.
If p 6= q, then, by the Perron–Frobenius theorem, r > −s. Therefore each non-trivial component of G has a spectrum
of the form {[r]1, [0]t , [s]k}, such that t ≥ 0 and k ≥ 2. Hence, by Lemma 1, each non-trivial component of G is a
regular complete multipartite graph. As regular complete multipartite graphs are uniquely determined by their spectrum
(see [1] p. 163), all non-trivial components of G are the same. This implies that G is a graph of the form described in part (ii)
of Theorem 1.
By this the proof of Theorem 1 is complete. 
The following corollary follows immediately from the above theorem. We recall that for bipartite graphs, one has p = q.
Corollary 1. If G is a bipartite graph, then EE(G) ≥ η+ r cosh
(
E(G)
r
)
, where r is the rank of the adjacency matrix of G. Equality
holds if and only if G is a union of complete bipartite graphs Ka1,b1 ∪ · · · ∪ Kap,bp with (possibly) some isolated vertices, such that
a1b1 = a2b2 = · · · = apbp.
The Laplacian energy of a graph Gwith n vertices andm edges is defined as [14]
LE = LE(G) =
n∑
i=1
∣∣∣∣µi − 2mn
∣∣∣∣ .
Then, bearing in mind that
∑n
i=1(µi − 2m/n) = 0, in full analogy with Theorem 1 we obtain:
Theorem 2. Let p∗, η∗, and q∗ be, respectively, the numbers of Laplacian eigenvalues which are greater than, equal to, and less
than 2m/n. Then
LEE(G) ≥
[
η∗ + p∗eLE(G)/(2p∗) + q∗e−LE(G)/(2q∗)
]
e2m/n.
3. Lower bound for Laplacian Estrada index
In this section we find a lower bound for Laplacian Estrada index of a graph in terms of its number of vertices and edges.
We begin by recalling that the Laplacian spectrum of the complete graph Ks is
{[s]s−1, [0]1}, see [2].
Theorem 3. Let G be a graph with n vertices, m edges, and c connected components. Then
LEE(G) ≥ c + (n− c)e2m/(n−c). (3)
Equality holds if and only if G is a union of copies of Ks, for some fixed integers s, with (possibly) some isolated vertices.
Proof. Since G has c connected components, µn = · · · = µn−c+1 = 0. Therefore,
LEE(G) = c +
n∑
i=n−c
eµi ≥ c + (n− c)e(µn−c+···+µn)/(n−c)
where the last inequality is obtained by applying the arithmetic–geometric mean inequality. Inequality (3) follows now
from the fact that µn−c + · · · + µn = 2m.
Now, let G = rKs ∪ (c − r)K1 for some integers r ≤ c and s ≥ 2. Then, n = r(s − 1) + c , m = rs(s − 1)/2, and the
Laplacian spectrum of G is
{[s]r(s−1), [0]c}. Further,
LEE(G) = c + (n− c)es = c + (n− c)e2m/(n−c).
This shows that equality holds for G in (3). Conversely, let equality hold for G in (3). Then all the non-zero Laplacian
eigenvalues of G must be mutually equal. The result follows by showing that if the Laplacian spectrum of the graph H is
{[µ]s−1, [0]1}, for some µ > 0 and positive integer s, then H ∼= Ks.
Let L be the Laplacianmatrix ofH . Then, L(L−µ I) = O, where I andO are the identity and the zeromatrices, respectively.
So the columns of L−µ I belong to the null space of L. Since the null space of L is of dimension one and is spanned by 1, the
all 1 vector, each column of L− µ I is of the form α 1, for some real number α. It follows that α must be equal to 1.
Therefore, L− µ I = J, where J is the all 1 matrix. This implies H ∼= Ks. 
Inequality (3) generalizes a result communicated in [12]. Namely, in [12] the validity of (3) was proven for the special
case c = 1 (cf. Proposition 3.5 of [12]). In this special case G is a regular graph.
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